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Entrance laws for positive self-similar Markov processes 


Victor Rivero* 


Abstract 

In this paper we propose an alternative construction of the self-similar entrance laws 
for positive self-similar Markov processes. The study of entrance laws has been carried out 
in previous papers using different techniques, depending on whether the process hits zero 
in a finite time almost surely or not. The technique here used allows to obtain the entrance 
laws in a unified way. Besides, we show that in the case where the process hits zero in 
a finite time, if there exists a self-similar entrance law, then there are infinitely many, 
but they can all be embedded into a single one. We propose a pathwise extension of this 
embedding for self-similar Markov processes. We apply the same technique to construct 
entrance law for other types self-similar processes. 

Keywords: Self-similar Markov processes, Levy processes, entrance laws, recurrent extensions. 
MSC: 60G18, 60.62, 60G51. 

1 Introduction and main result 

Let IP = (IP*, a > 0) be a family of probability measures on Skorohod’s space B + , the space of 
cadlag paths defined on [0, oo[ with values in IR + . The space B + is endowed with the Skohorod 
topology and T> is its Borel cr-field. We will denote by X the canonical process of the coordinates 
and (Gt,t > 0) will be the completed natural filtration generated by X. Assume that under IP 
the canonical process X is a positive self-similar Markov process (pssMp), that is to say that 
(V, IP) is a [0, oo[-valued strong Markov process and that it has the scaling property: there 
exists an a > 0 such that for every c > 0, 

({cX tc - a ,t > 0},IP,) = w ({X t ,t > 0},P CT ) Vx > 0. 

In this case we will say that X is an 1/a-positive self-similar Markov process (a-pssMp). We 
will assume furthermore that (X, IP) is a pssMp for which 0 is a cemetery state. The hitting 
time of zero will be denoted by To = inf {t > 0 : X t — 0}. So, the law IPo will be understood as 
the law of the degenerated path equal to 0. 

The importance of self-similar Markov processes resides in the fact, shown by Lamperti [19j . 
that it is the totality of Markov processes that can arise as scaling limits of stochastic processes. 
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Said otherwise, this the class of possible limit Markov processes that can occur upon subjecting a 
fixed stochastic process to infinite contractions of its space and time scales. Further information 
about this class of processes and its applications can be found in the review paper [23) and 
chapter 13 in |18| . One particular feature of pssMp is that they are in bijection with real-valued 
Levy processes. This useful bijection, that we will next explain, is given through the so-called 
Lamperti’s transformation, in honour to the celebrated work of Lamperti [20]. 

A M U{—oo}-valued Levy process is an stochastic process whose paths are cadlag, the state 
{— 00 } is an absorbing point, and it has stationary and independent increments. The state 
{— 00 } is understood as an isolated point and hence the process hits this state and dies at an 
independent exponential time £, with some parameter q > 0, the case q = 0 is included to allow 
this time to be infinite a.s. The law of £ is characterized completely by its Levy-Khintchine 
exponent T, which takes the following form 

2 roo 

logE [e zft ,l < C] = V(z) = -q + bz + —z 2 + J (e zy - 1 - zyl {ly \ <1} ) U(dy), (1) 


for any £ € ilR, where a, b G IR and fl is a Levy measure satisfying the condition / M (y 2 A 
l)U(dy) < 00 . For background about Levy processes see [I], [TH], p?T j. 

In order to state our main results we recall first a few facts about self-similar Markov pro¬ 
cesses, Levy processes and exponential functionals of Levy processes. It is well known (see 
Lamperti [20] ) that for any 1/a-pssMp, X = (X t ,t > 0), there exists a 1U{- 00 } valued Levy 
process £ independent of the starting point Xq, such that 


Xtl{t<T 0 } — A 0 exp [£ T ( tx - a )j l{i-(rx 0 ““)<c}’ * - 0, 

where r is the time-change 


( 2 ) 


r(f) = inf < s > 0 : / exp(a^ u )du > t 


t > 0, 


with the usual convention inf{0} = 00 . Lamperti proved that, for any x > 0, T 0 is finite 
Pz-a.s. if and only if either <£ < 00 a.s., or ( = 00 a.s. and lim^oo = — 00 a.s. Conversely, 
Lamperti showed that given a Levy process £, the transformation just described gives rise to 
a 1/a-pssMp. We will refer to this transformation as Lamperti’s transformation. Throughout 
this paper we will assume IP is the reference measure, and under IP, X will be a pssMp and £ 
the Levy process associated to it via Lamperti’s transformation. The measures (IP^,^ > 0) are 
the a conditional regular version of the law of A" given X 0 = x. Notice that under IP a ., £ starts 
from logx. This implies that the law of £, under is that of £ + log a; under IP . Besides, it 
follows from Lamperti’s transformation that under IP. C the first hitting time of 0 for A", To, has 
the same law as x a exp(a£ s )ds, under IP. The random variable J, defined by 


/ := 


exp(a£ s )ds, 


(3) 


is usually named exponential functional of the Levy process £. Lamperti’s above mentioned 
result implies that / is a.s. finite if and only if ( < 00 a.s. or ( = 00 and lirn^oc = — 00 , a.s. 
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Motivated by defining a pssMp issued from 0, when constructed using Lamperti’s transfor¬ 
mation, there have been several papers studying the existence of what we call here self-similar 
entrance laws, see for instance 13,0,0,0 and [ 23 ] where an account on this topic is provided. 
This is the object of main interest in this paper. We will say that a family of sigma-finite mea¬ 
sures on (0, oo), {r)t,t > 0}, is a self-similar entrance law for the semigroup {P t x , t > 0} of X 
if the following are satisfied 


(EL-i) the identity between measures 


risP f X = Vt+s , 


that is 



Vs(dx) JE x [f(X t ),t<T 0 } 



rjt+s(dx)f(x), 


(EL-ii) 


V/ : (0, oo) —> K positive measurable, holds for any s > 0, t > 0; 
there exists an index 7 > 0 such that for all s > 0 , 

Vsf = s" 7/Q r/i^i/-/, 


where / denotes any positive and measurable function, and for c > 0, Pf c denotes the 
dilation operator H c f(x ) = f(cx). 


In that case, we say that {r] s , s > 0}, is a 7-self-similar entrance law, 7-ssel for short, associated 
to X. Observe that the condition (EL-ii) is equivalent to the apparently more general condition: 
there is a 7 > 0 such that for any c > 0, s > 0, 

Vsf = c~ 1 rj sc - a .H c f 

for any positive and measurable function /. 

In this paper our main concern is to describe the family of a-finite ssel for a pssMp that 
either hits zero in a finite time or never hits zero and the underlying Levy process in Lamperti’s 
transformation drifts towards +00. 

In several instances we will assume that there exists a 9 > 0 such that 

IE(exp{7^}, 1 < C) < 1- 

Which is equivalent to ask that 

IE(exp{7^},t < C) < 1, Vi > 0. 

Under this condition we will denote by IP*^ the unique probability measure on D such that 

pU) = IP on J= t , for all t > 0. 

^ ( 0 ) 

For 6 = 0, we will write IP instead of IP (0 ^. As usual, we will denote by IP the law of the 
dual Levy process f = — £ under IP (0) . 

We have the following theorem whose proof was partially inspired by Fitzsimmons’ mi 
constructions of excursions measures for pssMp. 


3 


Theorem 1. Let ((X t )t>o, (IPaOxX)) be a 1/a-positive self-similar Markov process and £ the 
Levy process associated to it via Lamperti’s transformation. Assume that X hits zero in a finite 
time a.s. For 7 > 0 fixed, the following are equivalent 

(i) IE(exp{ 7 £i},l < C) < 1; 

(ii) the family of measures (p/, s > 0), defined by 

:= (y ((!) 1A> ) /i_1 ) . 

for f : M + —>■ M + measurable, forms a 'y-ssel for (( X t ) t >o , (ff*x)x>o), an d /xf 1 < 00 ; 

(Hi) there exists a '-y-ssel (rj/,t > 0) for (( X t ) t > 0 , (IP x ) x >o) ; such that rp is a probability mea¬ 
sure. 

In this case, the measures in (ii) form the unique, up to multiplicative constants, finite " y-ssel 
for X. 

Furthermore, when one of the above conditions is satisfied, it is then satisfied for every 
0 < /3 < 7 . For any pair (/?', j3), such that 0 < /3' < (3 < 7 , there exists a constant 0 < C< 00 
such that the associated ssel are related by means of the identity 

Ps(dx) = Cp'fiS^~P'd a f IP (Bgr w-p') e dz \ ytif {z^^dx) , x > 0, s > 0, (4) 

Jze{ 0 , 1 ) V a ’ « ) 

with 

f \ r ( 

p G dy ) = rjm 

\ a 

In the case where IE(exp{ 7 ^' 1 }, 1 < £) = 1, the identity in (ii) has been obtained in [25l l26j. 
The second assertion in the latter Theorem implies that although there are infinitely many 
ssel, all can be embedded into a single one, namely that with largest self-similarity index. In 
Section [3j we will see that this can be extended to the level of stochastic processes. Besides, 
the second part of the Theorem has been observed in the work na using completely different 
techniques. An easy extension of the results in the paper [34] shows that any ssel r] = (■ r ) t , t > 0) 
is such that either lim t _ > .o 7 7tl{(a, 0 o)} = 0 , for all a > 0 , or lim^o^l^a^)} > 0 , for all a > 0 . 
And the latter holds if and only if there is a 7 > 0 such that 

r dx 

Vt(dy) = / 1+ , IPxPQ G dy, t < T 0 ), y > 0, t > 0; (5) 

J (0,oo) 

in which case 7] is a 7 -ssel. The above facts and the Proposition 1 in |25j imply the following 
Corollary, where a more tractable expression for the above ssel is provided. 

Corollary 1. Let ({X t ) t >o, (IP x )x>o) be a 1/a-positive self-similar Markov process and £ the 
Levy process associated to it via Lamperti’s transformation. Assume that X hits zero in a finite 


Z) 

a / 


ir(?) 


y 


£-1 


(i 


y) a i{o< y <i}dy. 
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time a.s. For 7 > 0, such that IE(exp{ 7 £i}, 1 < £) < 1, we have that there is a constant 
c 7 G ( 0 , 00 ) such that 


'(O,oo) 


dX ]E x (f(X s ),s<T 0 ) = s-^ h) 


x i+7/ 


for any f : ( 0 , 00 ) —>• [ 0 , 00 ) measurable. 


? 


In the following Theorem we deal with the case of 0-ssel. 

Theorem 2. Let ((X t ) t >o, (IPi) x >o) be a 1/a-positive self-similar Markov process and £ the 
Levy process associated to it via Lamperti’s transformation. Assume that X never hits zero and 
£ drifts towards 00 . The family of measures (/x t ,£ > 0) defined by the relation 

for f : M + —>■ M + measurable, forms a 0-ssel for (X t , t > 0). 


In the case where the process £ has finite mean 0 < m E(£i) < 00 and the process is not 
arithmetic the form of the entrance law described in the latter theorem has been obtained in 
[3] and [3]. In those papers the authors proved that the measures — fi t are the weak limit of the 
law of X t under IP^ as x —>■ 0, so that the measures ^77 are probability measures. I 11 the case 
where £ has infinite mean, it can be proved that E(/ _1 ) = 00 which implies that the measures 
p t are only cr-finite. 


The rest of the paper is organised as follows. In Section [2] we prove the Theorems [l] and 
The proof is given in a unified way, using results from the theory of Kusnetzov processes. 


we develop an embedding of stochastic processes, analogous to the identity in 
In section |d] we state without proof two extensions of the Theorem [2] Namely, 


In Sectionj3j 
equation Q. 

in Subsection 4.1 we provide an entrance law for processes similar to those appearing in | 8 J, 
closely related to the supremum process of pssMp. In Subsection T2 an entrance law for the 
multi-self-similar Markov processes introduced in [16]. We did not include the proof because 
the argument is very close to that provided for the Theorems [l] and [2] A similar technique has 
also been used in the papers Pi and [23J to construct entrance laws for real valued self-similar 
Markov processes. 
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Proof of Theorems ID and 
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The proof that (i) implies (ii) in Theorem [I] and the claim in Theorem [2] will be given in a 
unified way. We will assume either of the following conditions on the underlying Levy process 
£ 

(THl) there exists a 9 > 0 such that 

B(e s5 'l il<c) ) < 1, 
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(TH2) £ has an infinite lifetime and drifts towards oo. 

It is a standard fact that (TH1) is equivalent to require that 

lE(e^l {t<c} ) <1, Vi > 0, 

see e.g. |3TJ Theorem 25.17. We will say that Cramer’s condition is satisfied with index 
6 > 0 if the equality holds 

IE(e^l {t<c} ) = 1, Vi > 0. 

When (TH1) holds, we will denote by IP (e) the unique probability measure such that 

IP (0) = IP on J= t , for all t > 0. 

It is easily verified that under IP (0) the canonical process still is a M. U{oo}-valued Levy process, 
see e.g. [31] Chapter 33. Furthermore, under IP (0) the lifetime is infinite a.s. if and only if 
Cramer’s condition is satisfied. Indeed, we have the equality 

IP (0) (f < £) = IE(e^l t<c ) < 1, for all t > 0, 

and thus if Cramer’s condition is satisfied then, £ = oo, IP (£ ^-a.s. We also have that if Cramer’s 
condition is satisfied then, under IP (6 ^, £ drifts towards oo, which in turn follows from the 
convexity of the mapping A (->• logIE(e A £ 1 l{i«q), on the set C = {j3 G M. : IE(e /3 ^ 1 l{i < ^}) < oo}, 
see e.g. EH Chapter 25. 

Now, we observe that when the condition (TH2) holds, the process (£, IP) bears 
the same properties as (£,IP ( ^) does when Cramer’s condition is satisfied with an 
index 6 > 0. Also, in this setting, Cramer’s condition is trivially satisfied taking 
9 — 0. This simple remark is the unifying point of the proofs of Theorems [l] and 
[2} In order to give a unified argument, we will say that 9 — 0, whenever the 
conditions in (TH2) hold. In that case, Cramer’s condition will be necessarily 
satisfied, and the respective measure IP (0) will be IP itself, so no difference will be 
made. Naturally, the case 6 > 0 will be exclusive to the setting (TH1). 

We will denote by IP, and IP , respectively, the law of the dual process (—£ t , t > 0) under 

^ ( 0 ) 

IP, and IP^ respectively. Observe that the processes (£, IP) and (£, IP ) are in weak duality 
with respect to the measure 


A e (dx) := e 6x dx , x G M. 
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Indeed, let /, g : M —> M + measurable functions. Using Fubin’s theorem and a change of 
variables we get: 

f dxe~ 9 x f{x ) IE x (^(^)l {t<C }) = IE f f dxe^ dx f(x)g(x + ^ t )l {t<<} 

= E (/ dye~ 9 y f(y - ^ t )e e ^g(y) l {t<c} ^ 

= [ dye~ 9 y g{y) IE (/(y- ^)e^‘l {t<c} ) 

Jr 

= f dye-O’g^y) IE<»> (f(y - {,)!(«<(>) 

Jr 

= f dj/e-NMffif (/(&)1 {1 < C) ) . 

Jr 

It follows that the measure A 9 is excessive for both (£, IP) and (£, IP ). Moreover, by taking 
/ = 1 in the above identity, it is easily seen that Cramer’s condition is satisfied for (£, IP), with 
an index 9 > 0, if and only if the measure is actually invariant for (£, IP). Whilst the measure 

A 9 is invariant for (£, IP ) if and only if the lifetime of (£, IP) is infinite, as can also be seen 
from the above identity by taking g = 1. 

We denote by (Y, Q e ) the Kusnetzov process associated to £ and A 9 , see for instance [9] 
Chapter XIX or [32]. Q e is the unique sigma finite measure on D(M, M), such that 

Q 0 (Y tl G dx i, Y t2 G dx 2 , ■■■,Y tn G dx n ) = A 9 (etei)<2t 2 _ tl (a;i, dx 2 ) ■ ■ • Q^-t^ixn- i, dx n ), 

for all — oo < ti < t 2 < ■ ■ ■ < t n < oo, and Xi,x 2 , ■ ■ ■ ,x n G M, where (Qt,t > 0) denotes the 
transition semigroup of (£, IP). An important fact about (Y, Q e ) is that for any iGl, its image 
measure under the translations of the path by x, is the measure e 9x Q 9 . In particular, when 
9 = 0 the measure , Q e is invariant under translations. Indeed, let fi, - ■ ■, f n be positive and 
measurable functions, iGl and — oo < t\ < t 2 < ■ ■ ■ < t n < oo. Let 4> x f(y) = f(x + y), i/Gl. 
We have the following identities that prove our claim. 

Q e (/lO'ti + x )f 2 (Y t2 + x) ■ ■ ■ fniXtn + x)) 

= [ dyie~ 9yi f\(y i + x) E (/ 2 (£t 2 -u + yi + x)--- /(£t n -u +yi + x)) 

Jr 

= e 9x f dze e ~fi{z) E (f 2 (£t 2 -ti + z) ■ ■ ■ f (£t n -ti + z )) 

Jr 

= e 9 x Q 9 (f 1 (Y tl )f 2 (Y t 2 )---f n (Y tn )) 

Moreover, the image under time reversal of (Y, Q e ), at any finite time, gives a process with the 

^ (^) 

same semigroup as (£, IP ), see j9] Ch. XIX- no.14. 

We denote by a and fd the birth and death times of (Y, Q e ). Observe that if Cramer’s 
condition is satisfied with an index 6 > 0, then a = — oo, Q-a.s. While if (£, IP) has an infinite 
lifetime then f3 = oo, Q 0 -a.s. These are well known facts that come from the above observation 
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^ ( 0 ) 

that in these cases A 0 is invariant for (£, IP), or (£, IP ), respectively, see e.g. Theorem 6.7 in 
jl2l| . We dehne ( p{t),t > 0), by 



t G R. 


Under Q 0 , the process p is almost surely finite. This is obtained by conditioning on the future 
and applying Proposition 4.7 in pSJ, to get 


Q 0 (p(t) = oo, a < t < j3) 



= 0 ; 


^ (^) 

where the third identity is a consequence of the fact that the process (£, IP ) either drifts 

K e ^( 0 ) 

towards — oo or has a finite lifetime, and thus I = J 0 e a ^ s ds < oo, -a.s. for x G R. 

Whenever 6 = 0, we have by the simple Markov property under Q 0 that p(oo) = oo, a.s. 
Indeed, given that p(0) < oo its suffices to prove that J 0 °° e aYa ds is a.s. infinite under Q 0 . For, 
we observe that when 6 = 0, 


e S ds < oo, a < 


A %dx) IP, 




ds < 


oo 


= 0 ; 


where the last identity follows from the fact that under IP X the Levy process £ drifts to oo. Let 
C t be the time change induced by p, that is 


C t = inf{s > 0 : p(s) > t}, t > 0. 

It follows from the previous discussion that Ct < oo Q 0 -a.s. By the theory of time changes 
developed by Kaspi nn it follows that the family of measures 

<l e ,f-.= Q e (f(e Yc ‘),0<C t <l), t > 0. 

is an entrance law for the pssMp X. It is important to mention that for each t > 0, rf t has the 
following scaling property. If H c denotes the dilation operator H c f(x) = f(cx),x G R, we have 
the equality for any / : R —> R measurable and positive 

Vt H e*f = e 6x r] te ™f. (6) 

This fact is an easy consequence of the effect of translations under Q 0 , that we mentioned 
above, as the following calculations show 

rf t H e ,f = Q 0 (/ (e(*+ y ^) , 0 < C t < 1) 

= Q 0 (/ (exp {(x + Y) Ct£Xa[x+Y )}) , 0 < Cte-a(x + Y) < l) 

= e 0x Q 0 (/ (exp {Y CteMY) }) , 0 < C te * a (Y) < l) 

= 

where we used that 

C te ™(x + Y) := inf{s > 0 : f exp{a(a: + Y u )}du > te xa } = C t = C t (Y ), 

J a 
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The latter fact has as a particular consequence that 


4f = t- ,la rfiH t u«S, t > 0. (8) 

We will now prove that for t > 0 the above constructed measures (r) 9 ,t > 0) and the measures 
(fi 9 ,t > 0) as defined in Theorem [l]-(ii) and Theorem [ 2 ] are equal. Let q > 0. Applying Fubini’s 
theorem and inverting the time change C, we obtain that for every function / positive and 
measurable 

/ oo / /*oo \ 

dte-‘4f = Q» U dte-*‘f(e Y c>) lj„<c,<i}J 

= Q" (/“ dse aYs e- qp ^f(e Y °)l(o <s< i}\ 

/ 'OO 

<isl(o<,<i)Q i ’ f(e Y -)) . 

-00 


Now we condition with respect to the future of Y, use Mitro’s formula for time reversal (Propo¬ 
sition 4.7 in [22]), and that the marginal law of Y under Q e is A 9 , to obtain the following 
identities 


/ d te-«4f= / 
'0 Jo 


9 (<^ e {e aYa e- qp{s) f(e Y °)\a(Y u ,u> s))) 


/(e y *)e“ ys lEy ) ( exp <| -q I e a ^du 


= I ds I dxf(e x )e {a - e)x m W (exp{-ge a3 7}) 


= I dxf(e x )e^- 9)x ^ 9 \exp{-qe ax I}). 


Finally, an elementary change of variables, t = e ax I , leads to 


( 9 ) 


Besides, the equality in ([6]) gives 

roo roo 

/ d te- qt rj?f= / dte- qt t~ e / a r] 9 H tl/a f. 

Jo Jo 

Putting together the latter and former identities we get the equality of measures 

%t 1/a dz) = jnl(t 1/a dz), 


with given by 


■ W / / 1 


1/ot. 


7 I r\i — f) 



We deduce therefrom the equality of measures 


rji(dz) = Hi(dz ). 

We should now justify that when 9 > 0, 

/x?l = IeV*' 1 ) < oo, 


The claim follows from 


but this is a consequence of the Lemma 2 in [26] and Lemma 3 in [27], because these results 
ensure that this condition is implied by the condition 

IE (e e?1 l { i <c} ) = IE (l{i<c}) < 1. 

This finishes the proof of the implication (i) =>■ (ii) in Theorem [I] and the claim in Theorem |2} 


2.1 Continuation of the proof of Theorem [T] 

That (ii) implies (iii) is straightforward. We are left to prove that (iii) implies (i). 

In the paper [13], Lemma 5.2, it has been proved that there exists a bijection between the 
family of 7 -ssel for a pssMp X , with 7 > 0, for which the measure corresponding to the 
time index 1 is a probability measure, and the family of quasi-stationary laws for the Orstein- 
Uhlenbeck type process 


U := (U t = e~ at X e t_i, 0 < T? : = log(l + T 0 )). 

Recall that a probability measure v is a quasi-stationary law for U if we have the equality of 
measures 


/ ( 0 , 00 ) u ( dx ) W -ri U t G dy,t < T 0 ) 


= v(dy). 


f(o,oo) u ( dx ) < To) 

In that case, there exists a 7 > 0 such that f^ 0oo j is(dx) IP a ;(t < T 0 ) = e _7t , t > 0 and 



u(dx) ^P x {X t G dy,t < T 0 ) 


= e Jt u(dy). 


The mentioned bijection is as follows. Given u a quasi-stationary law for U, as above, the family 
of measures defined by 

>,?/:= lAW.OO. 

constitutes a 7 -ssel for X such that r)\ 1 = 1. Reciprocally, given a 7 -ssel for X , such that 
771 I = 1, the measure v ry dehnes a quasi-stationary law U. It follows that if (iii) is satisfied 
then there is also a quasi-stationary law U, which by Corollary 5.3 in [L3] implies that the 
condition (i) in Theorem [I] holds. 

We will next justify the second part of Theorem [T} We assume that (i) holds for some (3 > 0. 
As we mentioned before, the set C = {/3 G M : IE^^l/Krt) < 00 }, is convex, it contains the 
element 0, and hence the whole interval [0,/3]. It follows that (i) holds for any 0 < (3' < f3. We 
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denote by rf and y 13 the associated entrance laws for X. By (iii) we know they can be taken 
to be such that 

y± 1 = 1 = y{ 1 . 

In order to get the claimed identities we make a short digression to recall further results obtained 
in pH. There, it has been proved that whenever there is a 9 > 0 such that 

E( e 0 K l) ,l < () < 1 , 


then there is a unique in law random variable Rg such that, if it is taken independent of /, then 


I Re 


Law 

— 


where Z 0 follows a Pareto distribution with parameter 9, viz. 

TP(Zg e dy ) = { 1 + 9 y y +e dy, y> 0. 

Besides, is worth noticing that elementary properties of the Beta and Gamma distributions 
imply that if 0 < 9' < 6 and Bg/p-gi is an independent {O ', 6 — 9 ')-Beta random variable, viz. 


IP 6 dy) = — a T -ZL— y«‘-\ 1 - 


r (9 - 0')T{6') 


then we have the equality in law 


Zg' — 


Law Zg 


Bq'.q- 


We deduce therefrom the identity in law 


Rgi = 


e'fi-o 1 


Law Rg 


Bg'Q- 


G',G-G' 


This being said, we apply these facts to 9 = /3'/a and 9 = (3/a, with 0 < (3' < (3. We should 
next relate the factors Rp// a an d Rp/ a with y 13 and rj 13 , respectively. Let Jp> and Jg be random 
variables with law r/f and yf, respectively. Arguing as in page 482 in [IB], raplacing v there 

or o 

by y± and y {, it is proved that if these random variables are taken independent of / under IP, 
then 

t j(y Law r t tq/ Law 

■L J(3 f — ^/ 3 ' 1 Jp = ^/ 3 - 

Which implies Rp> h = Jg,, Rp Jp , and 


j Law 

Jp 1 = 


Jp 



a ’ a 


With this information and the identity (( 8 j) it is easily verified that 

Vsf = s ^ [ JP [RbL e dz) y%H z -i/af, 

J{ o,i) v “ ’ “ 7 

for any / positive and measurable. This is what the identity Q states. The constant Cpyp in 
that equation appears when we remove the condition that the entrance law is such that the 
measure with time index 1 is a probability measure. Observe that the above argument also 
proves that for each 7 > 0 there is at most one 7 -ssel, up to a multiplicative constant, which is 
given by the formula in (ii) in Theorem [l] 
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3 A pathwise extension of the identity (4) 


Our aim in this section is to provide a pathwise explanation of the curious identity Q. For 
that end we will carryout the following program. We will construct a self-similar process, 
X^\ associated to the entrance law 77 ^, constructed in (ii) in Theorem [l] Then, for any pair 
0 < (5' < (3 we will relate, via a time change, the corresponding processes ) and X^\ We 
will see that we can embed the paths of ) into those of X^h 

For this end, it will be necessary to assume throughout this section that (i) in Theorem [I] is 
satisfied with some index 0 < (3 < a. Under these assumptions, the papers |25] and m ensure 
the existence of a recurrent extension X^ of A". That is, a process for which the state 0 is a 
recurrent and regular state, and such that X^ killed at its first hitting time of 0 has the same 
law as X. We denote by the Ito’s excursion measure from 0 for X^\ The measure NW 
satisfies 


(i) N ^ is carried by the set of paths 

{cu G D + | T 0 (a;) > 0 and X t (u>) = 0,Vt > T 0 }; 

(ii) for every bounded measurable / : [0, 00 ) —* M and each t , s > 0 and A E Q t 

N^(f(X t+s ), An {t < To}) = NW(m Xt (f(X s ),s < To), A n {t < To}); 

(iii) 1 — e -T °) < 00 . 

The entrance law associated to N^\ is dehned by 

N^\dy) := N^\X S edy : s<T 0 ), s > 0. 

According to the results in Lemma 2 in [25], the entrance law (N^\s > 0) is a /3-ssel for A". 
From Theorem [lj this is, up to a multiplicative constant, equal to that in (ii) in the op. cit. 
Theorem. In the case where Cramer’s condition is satisfied, E^e^ 1 ,1 < () = 1, we have that 
lim^ 0 +A^ (/ 3 ) l (ai0o) = 0 , for all a > 0 , in which case we say that the recurrent extension leaves 
0 continuously. Whilst in the case 1 < () < 1, we have lim t _> 0 -)- iV^l( aj0O ) > 0, for all 

a > 0, we say that the recurrent extension leaves 0 by a jump. In this case there is a jumping 
in measure 77 such that 

rj(dx) = x _ 1 ^ 7 / Q Gh, x > 0 , 

and 

r dx 

Vt(dy) = / 1+7/a lPx(Ah G dy, t < T 0 ), y > 0, t > 0. 

J (0,oo) 

Moreover, in the paper [25] the process X^ is constructed using Ito’s synthesis theorem. In 
what follows we will sketch the construction of another version of X^\ which will be such that 
its excursions are colored. 

We take a new process A" taking values in [0, 00 ) x { — 1,1}, for which {0} x {- 1 , 1 } is 
identified to a cemetery state, and it is such that when issued from (x,y) G (0, 00 ) x {—1,1}, 
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X t = (X t ,y), t > 0, and X is issued from x. We understand X as a colored particle that moves, 
following the same dynamics as X, and that take the color red, for 1, and blue, for —1; and once 
the color is chosen it remains fixed until the absortion at zero of the particle. The semigroup 
of X, say (P t , t > 0), equals 

P t ((x, y),da® dz) = IP x (Ah G da, t < T 0 ) (g) 6 y (dz), ( x , y ), (a, b ) G [0, oo) x {—1,1}, t > 0. 

Let A r bb be the measure on D + x {—1,1} defined by N ^ = N^ <g) (^Si(dx) + (dx)). 

Observe that bears similar properties to those in (i)-(iii) above. 

Realize a marked Poisson point process A = ((A Sl U s ),s > 0) on B + x { — 1,1} with char¬ 
acteristic measure Thus each atom (A S ,U S ) is formed of a path (A s ) and its mark U s . 

The marks are independent and follow a symmetric Bernoulli distribution. We will denote by 
T 0 (A S , U s ) the lifetime of the path (A s , U s ), i.e. 

T 0 (A s , U s ) = inf {t > 0 : A s (t) = 0}. 


Set 


Since 


cr t = ^2 t 0 (A s ,U s ), t> 0. 

S<t 


N^\ 1 - e~ T °) = N^\ 1 - e~ T °) < oo 


it follows that for every t > 0, cr t < oo a.s. It follows that the process a = (cr t ,t > 0) is an 
increasing cadlag process with stationary and independent increments, i.e. a subordinator. Its 
law is characterized by its Laplace exponent 0^, defined by 


IE(e -AfTl ) = e-^ (A) , A > 0, 


and (ftp (A) can be expressed thanks to the Levy-Kintchine’s formula as 

0/?O) = y(! - e~ Xs )up(ds), 

with up a measure such that f sAl up(ds) < oo, called the Levy measure of cr; see e.g. Bertoin [2] 
§ 3 for background. An application of the exponential formula for Poisson point process gives 

E(e- A ^) = e -AK«(i-e-^o) = ^(r A > 0 , 

i.e. <ftp{ A) = IV^(1 — e _AT °) and the tail of the Levy measure is given by 

up(s, oo) = N^\s < To) = n s 1, s > 0. 

Observe that if we assume 03(1) = N^( 1 — e ~ T °) = 1 then (ftp is uniquely determined. Since 
has inhnite mass, a t is strictly increasing in t. Let L t be the local time at 0, i.e. the inverse 

of cr 

L t = inf{r > 0 : oy > t} = inf{r > 0 : ay > t}. 
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Define a process (X^\t > 0) as follows. For t > 0, let L t = s, then cr s _ <t<a s , set 


X™ = 


(A s (t - a s -),U s ) 
( 0 , 0 ) 


if a s _ < a s 

if cr,_ = a, or s = 0. 


(10) 


That the process so constructed is a Markov process taking values in [0, oo) x {—1,0,1} is 
a consequence of the main results in [5j and [30J. The arguments needed to check that the 
hypotheses in these papers are satisfied are an elementary extension of those given in the 
paper [25] to verify that the corresponding conditions are satisfied by X. We will denote by 


IP ( its law. 

It is easily verified, from the construction, that the projection of in its first coordinate, 
is a version of the self-similar Markov process X^\ For (3' < (3, we will next construct a version 
of ) from X^\ The rest of this section will use facts from the fluctuation theory of Levy 
processes, we refer to [1] for background on this topic. 

Fix q > 0, and let A + , A~ ,q be the additive functionals of X^ defined by 


At = 


1 {M /J) e(o,oo)x{i}}^' s ’ 


Af’ q = 


V ^-'-{xi ,3) e(o,oo)x{-i}}^ s ’ t>0, 


and we introduce the time change A q \ which is the generalized inverse of the fluctuating additive 
functional A + — A~ ,q , that is 


T 


( q \t) = inf{s > 0 : At — A s ’ q > t}, t > 0, 


inf 0 = oo. 


Now, let to be the projection of the process X^ in the first coordinate and l'h+.?) b e the 
process Y time changed by r^ q \ 


vAa) _ 


Y T ( q ) ( t) if A q \t) < oo, 
A if A q \t) = oo, 


where A is a cemetery or absorbing state. Notice that the time change has the effect of deleting 
all the blue paths in X^\ together with some red paths. So, the process, Y^ +,q \ is obtained 
by pasting together red paths, to which we have deleted a random length in its starting part, 
and the distribution of the deleted length depends on q. A more precise description is given in 
the following Lemma. 

Lemma 1. Under IP ( ^ the process a positive a-self-similar Markov process for which 

0 is a regular and recurrent state and that leaves 0 by a jump according to the jumping-in 
measure c a ^ tP rj p 0 , with 

r]( 3 p {dx) = x~ l ~ p ^dx, x > 0, 


where p is given by 


1 a 

p — - 3 - -z arctan 

1 Tip 


i - q 
1 + q 


tan (C 0 ei °’ i[ ’ 


and 0 < c a ,/ 3 , P = ^ N^\X ± P , 1 < T 0 ) < oo, is a constant. 
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Before proving this lemma let us observe that the above construction has as a consequence 
that we can actually embed, via a time change, all the recurrent extensions into a single one, 
namely the one corresponding to the ssel with largest self-similarity index. In the case where 
Cramer’s condition is satisfied, all the recurrent extensions that leave zero by a jump can be 
embedded into the one that leaves zero-continuously. It will be seen more clearly in the proof of 
the latter Lemma that this embedding arises by deleting the beginning part of the excursions, 
and the deleted proportion length of paths increases as the self-similarity index of the entrance 
law decreases. Another interpretation of the identity Q is given in terms of the meander 
process. The meander process of length r is defined as the path of the excursion process in 
(0,r], conditioned to live for a period of time of length at least r. So the law of the meander 
at time 1 of is 

NW^edyllKTo). 

Similarly, that of Y + ' q L A V X^ p \ is given by 

N^ P \X 1 G dy\l < T 0 ), 


with p as in the previous Lemma. According to the identity in Q the above are related by the 
formula 


N^ p \Xi G dy\l < T 0 ) = N& 


Ad 


«'/« 

u Pp pq-p) 

a ’ a 


G dy |1 < T 0 


= NW X 


B Pp pq- P ) 

a ’ a: 


G dy 


B 


<T n 


Pp pq-p) 

a. ’ a. 


( 11 ) 


where the final identity is a consequence of the self-similarity property of the excursion measure 
N^\ which is in turn inherited from that of X and the one of the ssel. Said otherwise, the 
position at time 1 of a generic excursion from zero for the process X^A corresponds to a 
position at an independent random time 1 /Bpp pg- P ) of a generic excursion from zero of the 

a ’ a 

process This observed delay is a consequence of the time change. 

To prove the Lemma [l] we observe that the process T A.?) j s a pssMp, as it can be easily 
verified using standard arguments. We should prove that the measure N^ ,+ ' q of the excursions 
from 0 of yh+>9), j s such that AA + ’ 9 (1 o G dy) = c a _ p pr] p p{dy). This will be a consequence of the 
following auxiliary Lemma. 


Lemma 2. (i) The processes Z + , Z ,q defined by 


Z + = (Z+ = A+. u t> 0); Z-* = {Zx q = 0) 

are independent stable subordinators of parameter fi / a, and their respective Levy measures 
are given by ir + (dx) = and n~ ,q (dx) = on ]0, oo[, and c g] 0, oof 

is a constant. 


(ii) The process Z = Z + — Z ,q is a stable process with parameter fi/a, positivity parameter 
p = P (Z\ > 0), with p as defined in Lemma [7], and Levy measure 

II z{dx) = 7T + (dx)l{ x>0 } + 7 T~’ q (-dx)l {x<0 }. 
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(in) 


The upward and downward ladder height processes, H and H , associated to Z are stable 
subordinators of parameter j3p/a and respectively. 


Proof. Because the stable suborclinator L 1 has the Levy measure N^\Tq G dt ), it follows that 
NW(T q G dt) = —dry'll = ct~ l -Pl a dt, t > 0, for some constant 0 < c < oo. That the processes 
Z + ,Z“ ' ,q , are independent subordinators is a standard result in the theory of excursions of 
Markov processes and follows from the fact that they are defined in terms of the atoms of 
the Poisson point process ((A S ,U S ), s > 0) whose mark equals 1 and —1, respectively. The 

self-similarity property for (Z + ,Z~ ,q ) follows from that of (X^IP* '*). The jump measure 7r + 
of Z + is given by 

TT+(dt) = l -N^\T Q G dt), 

while that of Z~ ,q is 

7 T~’ q (dt) = | N^\T 0 G dt). 

This is a consequence of the following calculations based on the exponential formula for Poisson 
point processes: 


IE (d) (exp{—AZ^’ 9 }) = exp 
= exp 

= exp 

= exp 



e - Xqa/Pt )N^\T 0 G dt,U = - 1) 
e-W /f>t )±NW(T 0 G dt) j 

-A q a /Pt\ C ^ 1 
2 t 1+ a J 

e - Xs )\ NW{T 0 eds)\, 


for all A > 0. The proof of the assertion in (ii) is straightforward. It is well known in the 
fluctuation theory of Levy processes that the upward and downward ladder height subordinators 
associated to a stable Levy process have the form claimed in (iii). See for instance p] Chapter 


VIII. 


□ 


Proof of Lemma [1} By construction, the closure of the set of times at which the process Y^ +,q l 
visits 0 is the regenerative set given by the closure of the image of the supremum of the stable 
Levy process Z. This coincides with the image of the upward ladder height subordinator H, 
which is a /3p/a-stable subordinator. This set is an unbounded perfect regenerative set with 
zero Lebesgue measure, see [2j Chapter 2. It follows that 0 is a regular and recurrent state for 
y (+><?). The length of any excursion out of 0 for V(+.9) j s distributed as a jump of Z to reach a 
new supremum or, equivalently, as a jump of the upward ladder height process H associated 
to Z. Let N denotes the measure of the excursions from 0 of Z — Z, the process Z reflected at 
its current supremum, viz. 

(Z - Z) t := sup {0 V Z s } - Z t , t > 0; 

o <s<t 
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Figure 1: A schematisation of the path of the processes X^\ and A + — A~ ,q . The dots show 
the jumps of the process Z. The shaded area represents the portion of path that is deleted with 
the time change. 


and let R denote the lifetime of the generic excursion from 0 of Z — Z. Let Hz be the Levy 
measure of Z and V be the renewal measure of the downward ladder height suborclinator H, 
that is 

V(dy) = l { H a zdy} ds> ) • 

It is known in the fluctuation theory for Levy processes that under N the joint law of Z R _ and 
Z R - Z R _ is given by 

N(Z r _ e dx, ~{Z R - Z R _) e dy) = V(dx)H z (dy)l {0<x<y}: 
see for instance |T8], Chapter VII. Moreover, the Levy measure of H, say H R (dx), is such that 

IItf]a;,oo[= / / V(ds)H z (du)l] Xj00 [(u - s), x > 0. 

J J {0<s<w} 

cf. [S3J. In our framework, —{Z R — Zr-) denotes the length of the generic positive excursion 
from 0 for (Y, IP ) and Z R _ is the length of the portion of the generic positive excursion from 

0 of (Y, IP ) that is not observed while observing a generic excursion from 0 of Y^ +,q \ See 
Figure 1. Furthermore, —(Z R — Z R _) — Z R _ is the length of the generic excursion from 0 for 
Y(+’«), so NP>+’ q (T 0 e dt) = n H (dt). 

Let N^\-\T 0 = •) denote a version of the regular conditional law of the generic excursion 
under given the lifetime T 0 . Similarly, the notation V /3 ’ + ’' ? (-|r 0 = •) will be used for the 
analogous conditional law under N^ ,+,q . These laws can be constructed using the method in [Tj, 
see also [25] . 

Finally, it follows from the verbal description above, that for any positive and measurable 
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function / : M. —» M + 

/»oo 

N^(f(Y 0 ))= / N /3,+,q (T 0 G du)N^' +,q (f(Y 0 )\T 0 = u) 

Jo 

= [ [ N(Z R .edt,-(Z R -Z R .)eds)N^(f(Y t )\T 0 = s,U = l) 

U z {ds)N^(f{Y t )\T 0 = s,U = l) 


tS]0,Oo[ «/sG]t,oo[ 

■ [ V(dt ) 


't£]0,oo[ 

V(dt) 


' sE]t,oo[ 


' £G]0,c 


' £G]0,c 


' sE]t,oo[ 


N^(T 0 e ds,U = l)N^(f(Y t )\T 0 = s, U = 1) 


V(dt)NV\f{Y t ),t<T 0 ,U = l). 


Given that the downward ladder height subordinator H is a stable process with index ^ p \ 
it follows that 


N e ' + «(f(Y„)) = ^ (1 


dtt 


Pd- p) , 


a 

P0 -~p) k 

a 2 

P0- ~ P)k 

a 2 

k 


te]0,oo[ 


N^\f(Y t ),t< T 0 ,U = 1) 


'ie]0,oo[ 


dtt Si ^ A - 1 t- p/a N^ ) (f(t 1/a Y 1 ), 1 < T 0 ) 


N^(Y 1 e ete, 1 < T 0 ) / 


]0,oo[ 


= /3(i-p)-ivm (r,' 5 '’, 1 < T„) 

Ca,pi9dpf j 


Ge]0,oo[ 


' tG]0,oo[ 

duu^ 13 ^ 1 f(u) 


where k is a constant that depends on the normalization of the local time at zero for the 
reflected process Z — Z\ which without loss of generality can, and is supposed to be k = 1. The 


finiteness of N ^ \Y( 3p , 1 < T 0 J follows from Theorem 

N (0) (yf p , 1 < T 0 ) = w! jr> ( 

which happens to be Hnite because 


because we have 


09) / r -& T P-\ 

J a. J a. 


= IE 


(9) / Pa-p) i 


ih exp 


Pi}~ p), 


a 


«i) > , 1 < C ) = IE (exp {Pp£i} , 1 < C) < 1- 


□ 


Remark 1. The previous proof is inspired in [28 


4 Two extensions 

In this section we state without proof two results that can be obtained with essentially the 
same proof as that of Theorems [T| and [2] 
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4.1 A result in the fluctuation theory of self-similar Markov processes 


This subsection is motivated by the work [8]. Let (Z, h) be a bivariate Levy process such that its 
coordinates are subordinators. Denote by 11^, II/, the Levy measures of Z and h, respectively. 
We will use the following notation for tail Levy measures 

/ ;X 

n h (z)dz, x > 0. 

For a > 0, let be the time change defined as 

Th(t) = inf{s > 0 : f e ahs ds > t}, t > 0. 

Jo 

Define a stochastic process (Vt,t > 0) pathwise as the Stieljets integral of e hs with respect to 


V t = f e ahs -dZ s , t> 0. 

Jo 

For a > 0, x > 0 we denote by Q ax the law of the processs (if, H) defined as follows 

l'T h {tX- a ) 


R t = a + x c 


e aha ~dZ s , H t = xe L ^~ a \ t > 0. 


Theorem 3. Under (Q a)X , a > 0, x > 0) (R, H) is a Feller process in [0, oo) x (0, oo). Assume 
that 

[ M &)) n ‘ w < °°' (12) 

The random variable I := f (] e~ ahs dZ s _ is finite a.s. The family of measures (fitfi > 0) defined 
by 


tl ( t 


*' = E|/l vU 


1/a' 


l 

h 


form an entrance law for Q. ., where R ■— f °° e~ ahs ds. 


The condition (12) has been introduced by Linder and Mailer (2H, and it is a necessary 
and sufficient for the Levy integral, J 0 °° e~ ahs ~dZ s , to be finite. Their results hold not only for 
subordinators but for any Levy process. It is important to mention that if E(/ii) < oo then the 
condition (12) is equivalent to E(log + (Z!)) < oo which is a well known equivalent condition for 
the convergence a.s. of the integral J 0 °° e~ s dZ s , see e.g. [31]. It is important to mention that it 
is possible to establish a result similar to Theorem [3] for more general couples of Levy processes 
but, as we do not have any application in mind, we wont pursue this line of research. 


In the work [8] the process h is the upward ladder height associated to a Levy process £ and 
Z is another subordinator constructed as functionals of the excursions of £ reflected in its past 
supremum. This processes are key elements to develop a fluctuation theory for pssMp. We 
refer to [8J for further details. 
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That the process (R, H) is a Feller process in [0,oo) x (0,oo), is obtained using arguments 
similar to those in [8]. The rest of the proof follows along the same lines of Theorem [lj mainly 
the roll played by the Levy process £ is played by the bivariate Levy process (Z, h). It is known 
that Lebesgue measure A 2 in R 2 is an invariant measure for any bivariate Levy process, so 
for ( Z,h ). We take (Y = (Yi,Y 2 ),Q) the Kuznetzov process associated to (Z,h) and A 2 . This 
process has the Markov property under Q and is invariant under translations. The birth and 
death time of Y under Q are infinite because the Lebesgue measure is invariant for (Z, h ) and 
(Z, h ) = — (Z, h). The rest of the proof is essentially the same as that of Theorem ^ 


4.2 Multi-self-similar Markov processes 


The following definition steams from the work of Jacobsen and Yor [XBj. 


Definition 1 (Jacobsen and Yor |16|). A n-dimensional Markov process X with state space 
R+ = [0, oo) n is 1/ct -multi-self-similar, with a = (ay, ..., a n ) G R n , if for all scaling factors 
Ci,..., c n > 0, and all initial states x = (ay,..., x n ) G R” it holds that 


WY< i . ,yt > o).P(«.*.>) =' (({X% (1 . n) ,t > o) ,P (W . **,>) . ( 13 ) 

where c = flLi C T ■ the denote by T 0 = inf(t > 0 : X\ = 0, for some i G {1,..., n}}. 


Note that for n > 1, the symbol 1/ce is senseless, but we made the choice of using it to 
preserve the customary notation for the 1-dimensional case. Of course, in the case n — 1, 
1/0 neither makes sense but observe that in the definition (13) this is does not cause any 
inconvenient. 


Examples of multi-self-similar diffusions where introduced by Jacobsen |T5] and Jacobsen 
and Yor [ID]. Examples of processes with jumps can be easily obtained from these processes 
by subordination via independent stable subordinators. 

Extending the arguments of Lamperti [2D], Jacobsen and Yor |16] established that there 
exists a one to one correspondence between multi-self-similar Markov processes on R” and 
Levy processes taking values in R n U{A}, that we next sketch. For that end we start by setting 
some notation. 

For ex. G R n fixed, we will denote p a {u ) = Iir=i U Ti f° r u = ( M i> • • • > u n) £ (0, oo) Tl . For 
u, v G [0, oo) n we denote by u o v the Hadamard product of u and v, u o v = {u\V i, • • • , u n v n ). 
For a vector z = (zi, ..., z n ) G R n U{A} we will denote by S’(z) = (expj^},..., exp{^ n }), if 
xGl" and ^(A) G 0 := {u G [0, oo) n : n”=i u i = 0}- Assume now that (B, V) is the space of 
cadlag paths uj : [0, oo[—> R n U{A}, endowed with the a-algebra generated by the coordinate 
maps and the completed natural filtration ( T>t,t > 0). Let IP be a probability measure on V 
such that under IP the process £ is a Levy process that takes values in R n U{A}. Where the 
state A is understood as a cemetery state, and so the first hitting time of A or life time for £, 
say £, follows an exponential distribution with some parameter q > 0, and the value q = 0, is 
permitted to include the case where £ = oo, IP-a.s. 

For ol G R n , set for t > 0 

r(t) = inf{s > 0, f e <OL ’^ r> dr > t}, 

Jo 
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with the usual convention that inf{0} = oo. For x G [0, oo) n , let {Xf 1 1 > 0) be the process 
dehned by Lamperti, Jacobsen and Yor transformation : 



X ° & (Cr(t/p„(x))) , if t< p a (x) / 0 C exp{< n, f s >}ds 
0 if t > p a (x) Jq exp{< a, f s >}ds or x G 0. 


(14) 


for t > 0. For x G [0,oo) n , we denote by IP.,, the law of X' x \ that is the image measure of IP 
under Lamperti’s transformation applied to the process f. It is a standard fact that this process 
is adapted with respect to the filtration T t = T> T (t ), t > 0, and inherits the strong Markov 
property from £, with respect to the filtration (Xt, t > 0), see for instance [29]. A straight 
forward verihcation shows that the Markov family (A", IPaOxeKtoo)” bears the 1/ a-multi-self- 
similar property. Jacobsen and Yor proved that any multi-self-similar Markov process that 
never hits the set 0, can be constructed this way. A perusal of their proof and that of Lamperti 
for the case of dimension 1, shows that the result can be easily extended to any multi-self-similar 
Markov process killed at its first hitting time of 0. We do not include the details. We have the 
following result that extends the Theorem [2] for the class of multi-self-similar Markov processes. 

Theorem 4. Let ol = (an,..., a n ) G M n , A" = (( X t )t>o , (IP x ) xeR +) be a 1 /a-multi-self-similar 
Markov process and f the ML-valued Levy process associated to it via the Lamperti-Jacobsen-Yor 
transformation. Assume that f has an infinite lifetime and lim^oo < a, ft >= oo. There exists 
a unique entrance law (/z t ,i > 0) for X whose X-potential is given by 


dte xt n t f 


'(0,oo)’ 


m(dx i • • • dx n )f(x i, • • • , x n )IE ^exp{-Ap a ((xi, ..., x n )) exp{- < a, f s >}ds}^j , 


where f : (0, oo) n —y [0, oo) is a measurable function and 


n 

m(dx i ■ • • dx n ) = dx\ ■ ■ ■ dx n J^(xj) ai_1 , on (0, oo) n . 

i =1 


This entrance law has the scaling property: for c\,..., c n > 0, c = n"=i C T 


,...,Cn) y Ltfl t > 0, 


(15) 


with 


H( cl) ... iCn) /(xi,..., x n ) = /(c 1X1, ..., c n x n ), (xi,..., x n ) G (0, oo) r 


The proof of this result follows essentially the same argument as that of Theorem [lj For, it 
is necessary first to recall that Lebesgue’s measure in M n , say A, is an invariant measure of £, 
and second that f and f = —f, are in weak duality with respect to it. Then we construct the 
Kusnetzov process associated to A. This measure is invariant under translations. The rest of 
the proof is similar. The scaling property can be verified as in the proof of Theorem [T| using 
the invariance under translations. 
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